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Annotation: The aim of this paper is to prove the following obtaining an approximate 
solution of mathematical physics equations of several variables by means of Taylor series. 
For example use 2 variables  and the Dirichlet boundary condition. Easily generalized to  
3,4,5,6,…  variables and the Robin boundary condition and the Dirichlet boundary condition. 
 

Abstract. The aim of this paper is to prove the following obtaining an approximate solution 
of mathematical physics equations of several variables by means of Taylor series. For 
example use 2 variables  and the Dirichlet boundary condition. Easily generalized to  
3,4,5,6,…  variables and the Robin boundary condition and the Dirichlet boundary condition. 

Definition 1. For example  

ଵ݂(ݔଵ,ݔଶ)
డమ(௫భ,௫మ)
డ௫భడ௫భ

+ ଶ݂(ݔଵ,ݔଶ)
డమ(௫భ,௫మ)
డ௫మడ௫మ

+ ଷ݂(ݔଵ, (ଶݔ
డమ(௫భ,௫మ)
డ௫భడ௫మ

+ ସ݂(ݔଵ,ݔଶ)
డమ(௫భ,௫మ)

డ௫భ
+

ହ݂(ݔଵ,ݔଶ)
డమ(௫భ,௫మ)

డ௫మ
+ ݂(ݔଵ,ݔଶ) = 0	 on Ω is the equation of mathematical physics. 

Definition 2. The Dirichlet boundary condition is	Φ(ݔଵ,ݔଶ) =  .on ߲Ω (ଶݔ,ଵݔ)݃

Definition 3. ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ = ∑ ܹ,భమℎ
భమ +భାమஸభ ܴభ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ 

and ܴభ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Definition 4. Φ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ = ∑ ܹ,భమℎ
భమ +భାమஸభ ܴమ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ 

and ܴమ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Definition 5.		0 = ∑ 0ℎభమ +భାమஸభ ܴయ൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯ and ܴయ൫ݔଵ, + ℎଵ,ݔଶ, +
ℎଶ൯ = 0 on Ω. 

Definition 6. 

ଵ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడభ
= ∑ ଼ܹ ,భమℎ

భమ +భାమஸభ ܴర൫ݔଵ, + ℎଵ,ݔଶ, +

ℎଶ൯ and ܴర൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 
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Definition 7. 

ଶ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డమడమ
= ∑ ଽܹ,భమℎ

భమ +భାమஸభ ܴఱ൫ݔଵ, + ℎଵ,ݔଶ, +

ℎଶ൯ and ܴఱ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Definition 8. 

	 ଷ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడమ
= ∑ ଵܹ,భమℎ

భమ +భାమஸభ ܴల൫ݔଵ, +

ℎଵ, ଶ,ݔ + ℎଶ൯ and ܴల൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Definition 9. 

	 ସ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯
డ൫௫భ,బାభ,௫మ,బାమ൯

డభ
= ∑ ଵܹଵ,భమℎ

భమ +భାమஸభ ܴళ൫ݔଵ, + ℎଵ, ଶ,ݔ +

ℎଶ൯ and ܴళ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Definition 10. 

	 ହ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯
డ൫௫భ,బାభ,௫మ,బାమ൯

డమ
= ∑ ଵܹଶ,భమℎ

భమ +భାమஸభ ܴఴ൫ݔଵ, + ℎଵ, ଶ,ݔ +

ℎଶ൯ and ܴఴ൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ ≈ 0 on Ω. 

Theorem 11. Using the definitions of this article, we get coefficients of Taylor series of  
ଵ,ݔ൫ߔ + ℎଵ,ݔଶ, + ℎଶ൯ ≈ ∑ ܹ,భమℎ

భమభାమஸభ  as the solution of a system of linear 
equations. 

Proof. Let ܹ,భమ be unknown variables ݕభమ . Let ݈ be a maximum of ݊ଵ, ݊ଶ, ݊ଷ, ݊ସ, ݊ହ, ݊, 

݊, ଼݊. Let ݈ଵ and  ݈ଶ be ݈ଵ + ݈ଶ ≤ ݈ and 0 ≤ ݈ଵ and 0 ≤ ݈ଶ. Consider a coefficient of ℎଵ
భℎଶ

మ. 

The coefficient of ℎଵ
భℎଶ

మ in ଵ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడభ
 is  


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଵܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 2൯൫݇ଵ,ଶ + 1൯ݕభ,మାଶ,మ,మ. 

The coefficient of ℎଵ
భℎଶ

మ in ଶ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డమడమ
 is  


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଶܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 2൯൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଶ. 

The coefficient of ℎଵ
భℎଶ

మ in ଷ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడమ
 is  


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଷܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯൫݇ଶ,ଶ + 1൯ݕభ,మାଵ,మ,మାଵ. 
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The coefficient of ℎଵ
భℎଶ

మ in ସ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯
డ൫௫భ,బାభ,௫మ,బାమ൯

డభ
 is  


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ସܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯ݕభ,మାଵ,మ,మ. 

The coefficient of ℎଵ
భℎଶ

మ in ହ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯
డ൫௫భ,బାభ,௫మ,బାమ൯

డమ
 is 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ହܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଵ . 

The coefficient of ℎଵ
భℎଶ

మ in ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ is ܹ,భమ . The coefficient of ℎଵ
భℎଶ

మ in 0 
is 0. 

We get the coefficient of ℎଵ
భℎଶ

మ in ݂൫ݔଵ, + ℎଵ, ଶ,ݔ + ℎଶ൯ + ହ݂൫ݔଵ, + ℎଵ, ଶ,ݔ +

ℎଶ൯
డ൫௫భ,బାభ,௫మ,బାమ൯

డమ
+ ସ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯

డ൫௫భ,బାభ,௫మ,బାమ൯
డభ

+ ଷ݂൫ݔଵ, + ℎଵ, ଶ,ݔ +

ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడమ
+ ଶ݂൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯

డమ൫௫భ,బାభ,௫మ,బାమ൯
డమడమ

 + ଵ݂൫ݔଵ, + ℎଵ,ݔଶ, +

ℎଶ൯
డమ൫௫భ,బାభ,௫మ,బାమ൯

డభడభ
 is 

ܹ,భమ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ହܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଵ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ସܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯ݕభ,మାଵ,మ,మ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଷܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯൫݇ଶ,ଶ + 1൯ݕభ,మାଵ,మ,మାଵ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଶܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 2൯൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଶ + 
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ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଵܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 2൯൫݇ଵ,ଶ + 1൯ݕభ,మାଶ,మ,మ 	  

and using the definitions 1, 5 we get ܹ,భమ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ହܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଵ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ସܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯ݕభ,మାଵ,మ,మ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଷܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 1൯൫݇ଶ,ଶ + 1൯ݕభ,మାଵ,మ,మାଵ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଶܹ,భ,భ,మ,భ൫݇ଶ,ଶ + 2൯൫݇ଶ,ଶ + 1൯ݕభ,మ,మ,మାଶ + 


ஸభ,భஸభ;	ௗ	ஸమ,భஸమ;	ௗ	ஸభ,మஸభ;	ௗ	ஸమ,మஸమ;	ௗ	భ,భାభ,మୀభ;		ௗ		మ,భାమ,మୀమ

 

ଵܹ,భ,భ,మ,భ൫݇ଵ,ଶ + 2൯൫݇ଵ,ଶ + 1൯ݕభ,మାଶ,మ,మ 	 =0 

We have (ାଵ)(ାଶ)
ଶ

 linear equations and (ାଷ)(ାସ)
ଶ

 unknown variables. Using  the Dirichlet 

boundary condition we get (ାଷ)(ାସ)
ଶ

− (ାଵ)(ାଶ)
ଶ

 linear equations. If 

൛ݔଵ,௦, ଶ,௦ൟ௦ୀଵݔ
௦ୀ(శయ)(శర)

మ ି(శభ)(శమ)
మ ∈ ߲Ω  then we have Φ൫ݔଵ,௦,ݔଶ,௦൯ = ∑ ଵ,௦ݔభ,మ൫ݕ −భାమஸାଶ

ଵ,൯ݔ
భ൫ݔଶ,௦ − ଶ,൯ݔ

మ = ݃൫ݔଵ,௦,ݔଶ,௦൯ . 

We obtain (ାଷ)(ାସ)
ଶ

 the unknown variables and (ାଷ)(ାସ)
ଶ

 the linear equations. Find ݕభ,మ 	. 

Finally, we obtain Φ൫ݔଵ, + ℎଵ,ݔଶ, + ℎଶ൯ ≈ ∑ భ,మℎݕ
భమభାమஸାଶ  . 

Theorem 12. Easily generalized to 3,4,5,6,… variables and the Robin boundary condition. 

Proof. The proof is left to the reader. 
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This method is applicable to the majority of the equations of mathematical physics, but, if 
system of linear equations is well-posed problem, then we have the approximate solution of 
the equation of mathematical physics, else the method is not suitable. 

 

 


